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Abstract 

We investigate the global existence and scattering for the Fourth-order Schrodinger 
equation in the low regularity space H s (M. n ), s < 2. We provide an alternative ap- 



. proach to obtain a new Morawetz interactive estimate and extend the range of 

the dimension of the interactive estimate in Pausader |28j by modifying a tensor 
product method appeared in [5|. 
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O ■ 1 Introduction 

in 



I""- This paper is concerned with the global well-posedness and scattering theory in H s 

■ of the Cauchy problem for the following defocusing cubic fourth-order Schrodinger 

O equation 

[id t u + A 2 u+ \u\ 2 u = in IxR" , . 

, M (LI) 

[u\ t =o = u , 

with initial data uq € H S (W 1 ) for some < s < 2 and 5 ^ n ^ 7. And we also remark 
that this equation is corresponded to energy critical case and mass critical case when 
n = 8 and n = 4, respectively. 

Fourth-order Schrodinger equations have been introduced by Karpman [T7] and 
Karpman and Shagalov [18] to take into account the role of small fourth-order dispersion 
terms in the propagation of intense laser beams in a bulk medium with Kerr nonlinear- 
ity. Such fourth-order Schrodinger equations have been studied from the mathematical 
viewpoint in Fibich, Ilan and Papanicolaou [llj who describe various properties of the 
equaion in the subcritical regime, with part of their analysis relying on very interesting 
numerical developments. Related references are by Ben-Artzi, Koch, and Saut [6] who 
gave sharp dispersive estimates for the biharmonic Schrodinger operator which lead to 
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the Strichartz estimates for the fourth-order Schrodinger equation, see also [25L I27L [28] . 
Guo and Wang [12] who prove global well-posedness and scattering in H s for small 
data. Nonlinear Schrodinger equations with third or fourth order anisotropic term 
have been discussed in Bocchel [2], for other special fourth order nonlinear Schrodinger 
equation, please refer to [30j[Tll[T5]. We refer also to Pausader [27] where the energy 
critical case for radially symmetrical initial data is discussed and Miao, Xu and Zhao 
|23[ [2"4"] simultaneously and independently obtained scattering theory for the radially 
symmetrical initial data by using argument developed in Killip and Visan [19]. Miao 
and Zhang [5H] showed the global well-posedness of the general high order Schrodinger 
equation with defocusing nonlinearity. We also can refer to Pausader [28] for the aim 
of finding a more completed result on the cubic fourth-order Schrodinger equation for 
initial data no £ H 2 without radial assumption. However, very little seems to be known 
about the existence and scattering theory for fourth-order Schrodinger equation with 
large initial data in a below energy space. 

In this article, we prove the global well-posedness and scattering theory of (jl.ip in 
the lower regularity space H s (W l ), s < 2, and those extend the global existence theory 
and scattering result of Pausader [28j to the low regularity space. A main ingredient in 
this paper is the new interaction Morawetz estimate for the fourth-order Schrodinger 
equation. Our main result is the following: 

Theorem 1.1. The initial value problem (|l.lj) is globally-well-posed from data uq £ 
H s (R n ) when s > so and 5 ^ n ^ 7. In addition, there is a scattering for these 
solutions. Here 



This is a generalization of the classical Morawetz potential, which has been studied 
in many literatures especially regarding on the dispersive property of the Schrodinger 
equations [H [131 ED E21 [26]. The above functional (|1 .2j) generates a new space- 
time L\ x estimate for the defocusing Schrodinger equation with the general power 
nonlinearity. Incorporating this with the almost conservation law, they showed that 
the scattering of the equation and relaxed the low regularity assumption given in the 
previous work [9]. Two important conserved quantities of equation (II. ip are the mass 
and the energy. The mass is defined by 




The /-team |10j introduced a new Morawetz ineraction potential for the nonlinear 
Schrodinger equation 




(1.2) 




(1.3) 



and the H 2 (M. n ) solutions enjoy the following energy conservation 




(1.4) 
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However the energy (ll.4p of the H s (M. n )( s < 2) solution can be infinite. The almost 
conservation law approach allows us to monitor the energy of Iu instead of a rough 
solution u, where / is a smoothing operator approximating to the identity as passing to 
limit argument. In [9], this approach yields that ||u||# S ( K 3) is bounded polynomially in 
time for the cubic Schrodinger equation, and the solution is globally well-posed if s > §. 
The regularity threshold is loosened to | in [10] due to the above mentioned new L\ x 
space-time estimate. All of these show that the interaction Morawetz plays an effective 
role in solving the less regularity problem. In this paper, we will establish a interaction 
Morawetz and the almost conservation law for the defocusing fourth-order Schrodinger 
equation in the framework of /-method to prove the global existence and scattering 
theory. We remark that the Morawetz interaction estimate obtained by Pausader [2S] 
only for n 7. Inspired by [8], we provide an alternative approach to get a Morawetz 
interactive estimate and extend to Pausader's result to n ^ 5. However, there are 
some differences and difficulties needed to be overcame and gotten around to derive 
the interactive estimate for the fourth-order Schrodinger equation. It is well-known 
that the Schrodinger equation satisfies the following two local conservation laws. The 
first one is the local mass conservation Si Too + djToj = and the other one is local 
momentum conservation dtTjQ + dkTjk = where Too = ^\ u \ 2 is the mass density and 
Tqj = TjQ = Q(udju) is the momentum density and the quantity 

T jk = 2U(d j ud k u) + S jk ( - ^A(\u\ 2 ) + ^||«r x ) 

is the momentum current or stress tensor |31j . However, the two above mentioned local 
conservation laws do not hold for the fourth-order Schrodinger equation and we shall 
utilize a modification of the argument in [8] to obtain the interactive estimate for the 
fourth-order Schrodinger equation. 

The paper is organized as follows. In Section 2, we recall the Strichartz estimate 
for the fourth-order Schrodinger equation and prove a local well-posedness of f)l . 1 f) in 
H s (W l ) for s > §—2 by the standard fixed point theorem. Section 3 provides an alterna- 
tive approach to obtain the new Morawetz interaction estimate. In Section 4, we prove 
the almost conservation law for () 1 . If) by following the separating frequency interaction 
strategy in [TU]. In Section 5, the almost conservation law, the Morawetz interaction 
inequality and a scaled bootstrap argument give a uniform bound on \\u(t) ||# s (R™) and 

the finiteness of |||V| "^11^4 . The scattering assertion follows from the uniform 
bounds. 

We conclude this introduction by setting some notations that will be frequently 
used in this paper. If X, Y are nonnegative quantities, we sometimes use X < Y or 
X = 0(Y) to denote the estimate X ^ CY for some C. Pairs of conjugate indices are 
written as p and p' with 1 ^ p ^ oo and l/p + 1/p' = 1. We let U = L r '(R ?1 ) be the 
usual Lebesgue spaces. Given Lebesgue space exponents q, r and a function u(t, x) on 
/xl" with / C R, we write that 

\W\\Ll(I;Lr) = ( I ( / \u{t,x)\ T 'dx)-dt) q . 

v J I JR" J 
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When there is no risk of confusion, we may shortened this norm to L^L X for readability, 
or to lf tx when q = r. 

2 The Strichartz Estimates and Local Well-Posedness 

The Strichartz estimates involve the following definitions: 

Definition 2.1. A pair of Lebesgue space exponents (q,r) are called Schrddinger ad- 
missible for M. n+1 , or denote by (q, r) G Ao when q, r ^ 2, (q, r, n) / (2, oo, 2), and 

2 1 1 

- = n{\--). (2.1) 
q 2 r 

Definition 2.2. A pair of Lebesgue space exponents (7,p) are called biharmonic ad- 
missible for M. n+1 ,or denote by (7, p) G Ai when 7, p ^ 2, (7, p, n) / (2, 00, 4), and 

- = »(;r-)- 

Proposition 2.1 (Strichartz estimates for Fourth-order Schrodinger [6j l25j [271 128j). 

Lei s ^ 0. Suppose that u(t,x) is a (weak) solution to the initial value problem 

( (id t + A 2 )u(t, x) = F(t, x), (t, x) G [0, T] x R 3 , 
\u(0) = u (x), 

for some data uq and T > 0. Then we have the Strichartz estimate, for (q, r), (a, b) G Ao 

_ l — l _ 2 

IIM^II^Qo^r) < |||V| S c 'n || L 2 + |||V| S 9 a ^lliy([o,T];L"')' ( 2 - 3 ) 

and for (j,p), (c,d) G A x 

IMIlt([0,T];Z,p) < II u o||l2 + ||^1l Lc '([ 0i T];L d ')- ( 2 ' 4 ) 

As a directive consequence of the Strichartz estimate (|2.3|) and Sobolev's inequality, 
we have that 

l|Au|b ([0iT];Lr) < ||Auo|| i2 + II^H^^t].^)' ( 2 ' 5 ) 

where (g,r) is a any biharmonic admissible pair as in (12, 2p . 
The local existence theorem of (jl.ip is as follows. 

Proposition 2.2 (Local Well-Posedness). Given any initial data uq G H s (W n ) with 
I - 2 ^ s ^ 2, then there exists T > and a unique solution u G C([0, T]\ H s (W n )) (7 
L«([0,T];^ o ( J R"))nL^([0,T];L^(^)) o/ ^ for (»,r )eA„ and (^nJeAj. 
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Proof. The proof is carried out by the standard fixed point theorem together with the 
Strichartz estimate |25j. For the sake of the convenience and completeness, we merely 
sketch the proof for the subcritical case with n ^ 5. To solve the equation (|1.1D is 
equivalent to solve the following integral equation 

u{t) = e ltA \ ~ i I e i{t - T ^ 2 \u\ 2 u(T)&T. 
Jo 

Let 
where 

and 



X T = C([0,T];H s (R n ))nX nX 1 
X = p| L*>([0,T];H? o (R n )) 

X 1= p| L^{[0,T];L^(R n )). 

(qi,n)eAi 

Let us define the Strichartz norm which is adapt to the Strichartz estimate in Propo- 
sition 12.11 

i s +— 

IMIXr : = \m\C([0,T\-,H'(R»))+ SU P lll V l 90 u \\ L q t ° L r x ° (I xR™)+ SU P IMIl' 1 (/xl») ' 

(go,ro)eAo (gi,n)eAi 

(2.6) 

and a set 

X :={u:\\u\\x T <4C\\uo\\ H s}, (2.7) 
and then we choose the space (X, d) with metric d(u,v) = \\u — v\\ m , as a 

V ' ' 11 U L~ ([0,T];L 4 ) 

resolution space. Then the solution map 

<■/ 



A:mh e l ' A2 n - i [ e i{t ~ T ^ 2 |«| 2 u(r)dr 



is well defined for all u E X when T is small enough. 

Now we prove this claim. Actually, the Strichartz estimate yields that 

\\A(U)\\X T ^2C\\U \\ H S +C\\\V\ S - 1 (\U\ 2 U)\\ 2n +q||d 2 d| 16 4. 

II v J\\JL T ^ II UM-H VI I ^l L 2([ 0iT ]. L ^F3) III I "l*&=*([0,T];L?) 

Thus the claim is reduce to prove the following nonlinear estimate for some a > 0: 

|||u| 2 u|| i6 4 + |||V|* -1 (|u| 2 u)|| 2n < T a \\u\\l . (2.8) 

On one hand, the Holder inequality gives 

\\\u\ 2 u\\ i6 4 <r 1_ f|k|| i6 „ , , N sC T 1_ f lldli . (2.9) 

LTB=n([0,T];i3) 11 "i" ([0,T];L4) ^ 11 V ; 
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On the other hand, under the assumption § — 2 < s < 2, it follows from Holder's 
inequality and Sobolev embedding in the case 1 ^ s < 2 that 

|I|V| S -HM 2 «)II 2n ^ r^iiivi^^ii s imi 2 16 

/M L2([0,T];L^) L^([0,T];L«)" 11 £ 7T=*? ([ 0) T] 

V s+ — u g 4n V l— u 2 

L^([0,T];L^)"' L : ^I([0,r];L3iq^:) 



and in the case ^ — 2 < s < 1 that 

HIVI^^NII 2n < ||jv| s (|u| 2 u)|| 

sC T 9 |||V| s d| 8 „ llnll 2 i 6 



'£«=I([0,T];£T)" "LH=3I([ ,r];L 4 ) 

8 4n V 8 U 

L^=^([0,T];L^) L^=^([0,T];L4s4-an) 



n , , , . „ i n — 4 ,4s + n,,o 

^ T e |||V| s+ — u|| _a_„ . _4a_. |||V|-8-tt|| 2 16 8n , 



with 6 = 2s+ ^~ n > 0. Keeping in mind the norm of Xt, then (|2.8|) follows from the 
above estimate and (12, 9|) . It can be similarly argued that A is a contraction under the 
metric d(u,v). The existence and uniqueness assertion in (X,d) follow from the fixed 
point theorem. Finally, we prove this local well-posedness proposition. □ 

3 The Interaction Morawetz Estimate in dimension n ^ 5. 

We adopt the convention that repeated indices are summed throughout this section. 
Also, for /, g two differentiable functions, we define the mass and the momentum brack- 
ets by 

{f,g} m = SS(fg) and {f,g} p = Sl(fVg-gVf). 
Given a smoothed real valued function a(x), we define the Morawetz action M a (t) by 



M a (t) = 2 d j a(x)Q(u(x)d j u(x))dx. (3.1) 

Proposition 3.1 (The Variation Rate of Morawetz Action). If u solves (jl.ip . then the 
Morawetz action M a (t) satisfies the identity 

d t M a (t) =2 / (2d jk Aadjud k u - ^(A 3 a)|u| 2 - 4d jk ad ik udijU 

JR n V 2 

+ A 2 a|Vu| 2 — dja{\u\ 2 u, u}^\dx. 
Proof. Note that $s(z) = —$l(iz), then it follows from the equation (|1.1[) that 
Q(dtudju) = ^(—idtudju) = — K((A 2 u + \u\ 2 u)dju), 

and 

Q(udjdtu) = ^(—iudjdtu) = ?R.(dj(A 2 u + \u\ 2 u)u). 
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Hence, a direction computation yields that 
d t M a (t) = 2 d j a&(ud j A 2 u-d j uA 2 u)dx-2 dja{\u\ 2 u, u} j p dx 

= -2/ Aa^(uA 2 u)dx -4 / '>R(d j ad j uA 2 u)dx - 2 / 5ja{|u| 2 «,«}j^ 

JR™ JR™ il" 

:= /x + Ii — 2 / dja{\u\ 2 u, u} J p dx 
it" 

(3.2) 

On one hand, we can see that from the integrate by part 

h = 23ft / ( - ^-A 3 a\u\ 2 + A 2 a|Vu| 2 + d jk Aadjud k u - Aa\d jk u\ 2 )dx. (3.3) 

On the other hand, after a long length and careful computation, we also have that 

I 2 = -43ft j [dijkadjudikU + 2djkadijudikU - ^Aa|<9.,'fcu| 2 )(ix. (3.4) 
JR" 2 

Observe that 

3ft / diji-adjudikudx = —3ft / dj^Aadjudkudx — 3ft / di^adijud^udx 

JR n JR" JR" 

and 

3ft / diji-adijudkudx = 3ft / dij^adjudikudx, 



thus it follows that 

3ft / dijkadjudikudx = —773ft / djkAadjudkudx (3.5) 

JR" 2 Jjjn 

Collecting (|3T2 > (|33 1) . it finally yields Proposition □ 

We now derive a correlation estimate that is very useful in studying the global 
well-posedness and the scattering properties of fourth-order Shrodinger equations. 

Proposition 3.2 (Correlation Estimate for Fourth-Order Schrodinger Equation). If u 

solves (jl.ip on [0, T], then we have the following interactive Morawetz estimate that 

IMIm([0,T]) £ s o u P N*) ll^i (3.6) 
where \\u\\ M Qo )T] y- \\\V\ 4 u{x)\\ L 4 {[0jT] . L 4y 
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Proof. Inspired by [8] , we also introduce tensor product to derive a correlation estimate 
for the fourth-order Schrodinger equation. Let u be solution to 

(idt + A 2 )u = F(u) 

in n-spatial dimensions and v be solution to 

(id t + A 2 )v = F(v) 

in m-spatial dimensions. Define the tensor product w := (u v)(t, z) for z in 

R n+m = y ):xeR n ,ye R m } 

by the formula 

(u ® v)(t, z) = u(t, x)v(t, y). 
One can check that w = u® v solves the equation 

(id t + A 2 )w = F(u) <g> v + F(v) ® it (3.7) 

where A 2 = A 2 + A 2 . Now we define the Morawetz action M® 2 (t) corresponding to 

w = u <S> v by 

M® 2 (t) = 2 [ Va(z) ■ Q(WW^(z)\7(u ® 

Vo(^3(i(2)V(!D)(2))&, 



where V = (V x , V y ). We now repeat the process of proving Proposition 13.11 but more 
complicated to reach our purpose. Also, it follows from the equation (|3.7p that 



Q(dtwdjw) = ^t(-idtwdjw) = — K((A 2 u) + \u\ 2 uv + \v\ 2 uv)djw), 

and 

^s(wdjdtw) = 3l(—iwdjdtw) = ?fc(dj(A 2 w + \u\ 2 uv + \v\ 2 uv)w). 
Moreover, we have that 
d t M®*(t) 

=2 / djd?R.(wdjA 2 w — djU>A 2 w)dz — 2 / dja{\u\ 2 uv + \v\ 2 uv,wy p dz 

= - 2 / Aa$l(wA 2 w) + 2»(<9 i ad i t()A 2 u/)cb - 2 / ^a{|n| 2 w + \v\ 2 uv, w} j p dz 

JR n (g)R m JR"®R m 

:=IIi+Il2 — 2 / <9ja{|it| 2 m; + |f| 2 w, w} p dz. 

./R"®R m 

(3.9) 



A directional computation of expanding A 2 w in ll\ yields that 

Ih = - 2 f AaVl(u(x)A 2 x u(x)\v(y)\ 2 )dz 



(3.10) 

2 / AaM(v(y)A 2 y v(y)\u(x)\ 2 )dz. 



In addition, for our purpose, we break the second term into several pieces as follows: 
dj(i(dju(x)v(y) + u(x)djv(y)) (A 2 u(x)v(y) + u(x)A 2 v(y))dz 
djadju(x)A x u(x)\v(y)\ 2 dz — 45? / djadju(x)v(y)u(x)A 2 v(y)dz 

g>R m 

d j ad j v(y)A 2 v(y)\u( y x)\ 2 dz 



II 2 = -43? f 
Jr 


™[g)R m 


= -43? f 

JR 




-45? / 

JR n £ 


)R m 


:= II? + 


■II? 


Observe that 




and 





7/f = 25? / A^y) Aju(y) |u(x) | 2 cfe 

jR n <g>R m 

/4 3) = 25? / A y a-u(x)A 2 u(x)K2/)j 2 dz, 



thus it follows that 



ih + n? + n 2 ] 



A x a^{u{x)A 2 x u{x)\v{y)\ 2 ) + A s/ a5?(^(y)A^(y)| u (x)| 2 ))dz. 



Hence, we can follow the computation of h m fl3.3|) and see that the right hand of the 
above can be written as 

25? / ( - \Ala\u\ 2 + A 2 a|Vuj 2 + d x jk A x adjud k u - A x a\d jk u\ 2 ) \v(y)\ 2 dz 

+25? / (- l-A 3 y a\v\ 2 + A 2 y a\Vv\ 2 + dyAyadjvdkV - A y a\d jk v\ 2 )\u(x)\ 2 dz, 

(3.11) 

where d x k denote the the second order derivative with respective to Xj and x k . We also 
follow the computation of h to obtain that 

II? = 25? / ( - ^adijudikU + d x jk A x adjud k u + A x a\d jk u\ 2 ) \v{y)\ 2 dz (3.12) 

JR n ®R m 



and 

= 23f? / ( - 4d y jk ad i:j vd ik v + d^AyadjvdkV + A y a\d jk v\ 2 ) \u(x)\ 2 dz. (3.13) 
Collecting (l3TTTD - (l3TT3l ). we get that 

Ih + Ih = 23? / to^A^ad^uM 2 + d^A^^M 2 ) 

--(A3 + A 3 )aM 2 + (A 2 a|Vn| 2 |^| 2 + A 2 v a\Vv\ 2 \u\ 2 ) ( 3 - 14 ) 
2 

-4(5J fc a5i : ,'u9i fc ^|v| 2 + ^a^-uSjfcDliil 2 )^^. 

Observe that if a(z) = a(x, y) = |x — y|, we have for n ^ 5 

A x a = A y a = (n - l)\x - y|~\ 
A 2 a = A 2 a = -(n - l)(n - 3)|x - yr 3 , 



A 6 x a = A*a 



C5(x — y), n = 5, 

3(n — l)(n — 3)(n — 5)|x — y|~ 5 , n ^ 6, 



and 



5> = d%a = \x - y\-\S jk - {X 
d* k A x a = d y k A y a = -(n - l)|x - y|" 3 (^ - 3( " =|^jf y)fc ) . 

Now, for e € ffi n a vector, and u a function, we define 

V e u = (e • Vu)t— and V e it = Vu — V e it. 
er 



Therefore, for e = x — y, we can see that 



2df E jk A x ad j ud k u = -2(n - l)\x - yr 3 |V^tt| 2 + 4(n - l)|x - y\~ 3 \V e u\ 2 
A 2 a|Vu| 2 = -(n - l)(n - 3)|x - y|" 3 |Vu| 2 

-Ad%ad i:j ud ik u = -4|x - yl" 1 (|Va,n| 2 - \V e d t u\ 2 ) < ~^ n _~^ \V e u\ 2 

. \x y\ 

where we make use of the following estimate in the last inequality, as shown in Levan- 
dosky and Strauss [20] and [27] 

^(jV^-IVe^^^f^lVenl 2 . 



10 



Making a similar argument for other terms, we finally control dtM® 2 as follows 
d t M®> < / ( - ^^(|V^|>| 2 + |VM 2 |«| 2 ) 

jR™ig)R m v \ x ~ y\ 

- \(Al + Al)a\uvf - ( " ~ 3> (|Vt»| a H 3 + |«| 2 |Vt,| a ) 



— 2dja{\u\ 2 uv + |u| 2 nu, w} p jdz. 
Again through dropping some negative terms, we can dominate the right hand part by 
23? / ( - -(A^ + Ay)a\uv\ 2 - 2dja{\u\ 2 uv + \v\ 2 uv , w} p ) dz . 



Hence, we get that 

f-T 



n((A 3 x + Al)a\uv\ 2 + 4dja{\u\ 2 uv + \v\ 2 uv, w} j p )dzdt < sup |Mf 2 
_I"®R m [0,T] 



that is 




(A 3 X + Aj)a|itu| 2 + 2A x a\u\ 4 \v\ 2 + 2Aj / a|v| 4 |-u| 2 ) dzdt < sup |Af® 2 |. 

JR n ®K m x ' [0,T] 



Choosing u = v, we get in the case that n = 5 

/ jti(x,t)| 4 dxdt < 

[0,T] 



/ / |u(x,t)| 4 dxdi < sup|Mf 2 | (3.15) 

jO JR n [0,71 



and in the case that n 6 

KM)| 2 Ky,i)| 2 




dxdydt< sup|Mri- (3.16) 

JR"®R" \ x — V\ [0,T] 



However, we can write that 

f T [ Hx,t)\ 2 \u(y t)\ 2 dxdydt = r T r \ u{X7t) \2 { \ u \2^j_^ x)dxdL (317) 

JO JR"ig)R" F ~~ y\ Jo JR" I " I 

Now we define for n ^ 6 the integral operator 

By applying Plancherel's Theorem to (|3. 17j) . we obtain that 

f / Hx f H ^ t)? dxdydt = f [ mm-™mt)dtdt, 

JO JR n ®R n \ x ~ y\ JO JR n 
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and the right hand also can be written as follows 

rT r 

-S=*f, , x.2\|2 







Vr^(|n(x)| 2 )| dxdt. 



For the sake of simplicity, we combine the two estimates (I3.15D and (|3.16p pretending 
that |V|° is identity operator to get that for n 5 

|||Vr^(Kx)| 2 )|| L2([0iT];L2) < sup|Mr|. (3.18) 

It can be shown by using Hardy's inequality (for details see [TU])that for n ^ 5 

sup|M^|<sup||^)|| 2 i||n(t)||i 2 . (319) 

[0,T] [0,T] H ^ ^ ^ 

As a consequence of (I3.18P and (13.191) . we have the following priori estimate for the 
solution to (jl.ip 

IMIm([0,T]) = lll V r 2i ^ U ( X )lll4([0,T];L-l) < SUp ||n(t)||^i ||u(t)|| 



L' 2 

where we make use of the following lemma that appears in [32] and |28j . □ 
Lemma 3.1. Assume n ^ 5. Then 

n — 5 ,,o ii, , ,n\ II 

IIM-— 5lli4<|||v|-— (M 2 )|| L ,. 

Proof. For n = 5, the lemma obviously holds true in our conservation that |V|° is the 
identity operator. In the case that n 6, it suffices to show that, for any g € S 

iiivr^siiii < llivr^d^i 2 )!!^, ( 3 - 2 °) 

by density argument. By the Littlewood-Paley Theorem, we rewrite that 

mvi-^iiii = iid^i^avi-^)! 2 )^!!^ = iix)l^(i v r^)l 2 ii^- 

N N 

By the definition of Littlewood-Paley operator, we can see that 

(P N (\V\-^g))(x) = N § ^(g*F- 1 ( ( />(t/N)))(x) = N^ [ g(x-y)4>(Ny)N n dy. 

We utilize the Cauchy-Schwarz inequality to control the above by the following one 
uniformly in N 

i , P i 



\g(x - y)\ 2 \4>(Ny)\d y y ( / \$(Ny)\dyY 2 

\ ./ran / V ./ran / 
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Since 4> is a good function, then we obtain that 

^\ P n(M'^9)\ 2 <Y, N ^ I \9(x-y)\ 2 \4>(Ny)\dy. (3.21) 

AT AT ^ ^ 



N N 

We also can rewrite the right hand of the above as follows 

bO - y)\ 2 



J2(N\y\)^\$(Ny)\)dy 



n + 5 

R» |y| 2 v N 
On the other hand, since <p € 5, then for any y G M. n , we have 

^(iV| y |)^|^(iVy)| < ^(iVM)^(l + liVyr 2 ™ < 1. 

JV V 

Consequently, it follows from (|3.2ip that 

\g(x -y)? 



5>M!vr^)| 2 < / 

AT 



dy= (|V|— ^\g\ 2 )(x) 



N J «" 12/1 2 

Hence, this gives (|3.20p and completes the proof of Lemma l3~Tl □ 

4 Almost Conservation Law 

The aim of this section is to control the growth in time of E(Iu)(t), where Iu is a 
smoothed version of u. The operator / is a slightly modified smoothing operator as in 
[HI [TO], depending on a parameter N S> 1 to be chosen later. For sake of convenience, 
we recall the definition of operator /: 

mo :=mjv(£)im 

where the multiplier mjv(f;) is smooth, radially symmetric, nonincreasing in |£| and 

m J 1 Mil 

""^Wl-') 2 - lfl>2iV. (41) 

We note that m^^) satisfies the Hormander multiplier condition. As intended, the 
definition of m^(^) yields the following relationships between ||Iii||^2 and 1 1 1 1 for 
< s < 2: 

WMh - / <e> 4 K£)l 2 ^ + I (0 4 N^-^\- 2{2 ~ s) \m\ 2 dC 

The right hand of the above can be controlled by 



^2(2-8) 



( / (o 2s \m\ 2 dt+ I \t\ 2s \m\ 2 di) <iv 2(2 ^iin|i^ 
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Thus, we obtain that 

\\Iu\\ 2 H ,<N 2 ^\\uf Hs . (4-2) 
On the other hand, we can see that 

11* < / <£> 2s IM£)l 2 ^+ / (0 2s ^~ 2(2 ~ s) l£l 2(2 ~ s) !^)l 2 ^- 

The right hand of the above can be controlled by 

/ (0 2s \M0M+ [ \^\M0M<\\iuf H2 . 

Hence, the L 2 conservation yields that 

NIh. £ WMfr + \\Iu\\h < E( Ju)(t) + ||u ||| 2 . (4.3) 

Once one has obtained a uniform bound on E{Iu)(t) in terms of || Mollis the global 
well-posedness will follows from (|4.3|) . the locally well posed when s > ^ — 2 and a 
density argument. We remark a property of the operator / in the following lemma, 
which shows that the operator (V)/ also holds the fractional Leibniz rule. 

Lemma 4.1 ( Leibniz rule). Let 1 < r,r±,r2,qi,q2 < oo be such that - = ^ + ^- = 
-j- + i and the s in the operator I satisfying s ^ 1. Then 

\\I(V)(fg)\\LP < Ul(V)f)\\ L rx\\g\\L^ + ||(/(V) 5 )|| L91 ||/|| L92 . (4.4) 

The energy (ll.4p is shown to be conserved by differentiating in time, integrating by 
parts and using the equation (jl.ip 

^-E{u)(t) = 3? I d t u(A 2 u + \u\ 2 u)dx = 3? I -i\u t \ 2 dx = 0. 

Now we differentiate E(Iu)(t) in time to obtain 

^-E{Iu){t) = $t f d t Iu(k 2 Iu+\Iu\ 2 Iu)dx = 3? f d t 7u~(\Iu\ 2 Iu - I(\u\ 2 u))dx, 

then integrating the above on the time interval [0, t], we have 

E{Iu){t) - E(lu)(0) =K f [ d t Tu~(\Iu\ 2 Iu- I(\u\ 2 u))dxdt =:A E^t). (4.5) 

Jo il" 

Let us define Zj(t) as 

Zj(t)= sup ( ^2 \\P M {A)Iu\\ 2 Lq{m . Lr) Y . (4. 6 ) 
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Our aim is to show that the growth of E(Iu)(t) satisfies 

A Ei{t) < N~ a (Zi(T)) 13 

for some a, (5 > 0. As in [10], we look at the space-time integral in Fourier space, where 
we estimate various frequency interaction separately. In the meantime, we need to 
dominate Zj(t) in terms of ||mo||h s assuming a prior a small space-time ||m||m norm on 
the space-time slab [0,i] x W 1 and E{Iu$) is uniformly bounded. 

Lemma 4.2. Let u(t,x) be in (fTTJ) defined on [0,T*] x R n 

IMIa/([o,t*]) < S (4.7) 

for some small constant 5. Assume uq € C^°(M n ) and E(Iuq) < 1. Then for s ^ 1 and 
2 > s > — 2 and sufficiently large N, 

Zj(T*) < C(||uo||H.CRn)). (4.8) 

Proof. Taking the operator IPm, ^-IPm to the equation (jl.ip and using the Strichartz 
estimate (|2.3p and (|2.5H . for all ^ t ^ T* we obtain that 



Zl(t) < \\Iu \\ m + ( ll^/(V)/(|n| 2 n 
< ||/«o||h2 + ||<V)/(H 2 «)|| n _a» 



I 2 » ) f 

Me2 z ) (4.9) 



where we make use of Minkowski's inequality and the Littlewood-Paley theory. By 
mean of the fractional chain rule, Lemma |4. II and Holder's inequality, we can control 
the nonlinearity as follows 

||<V)/(|u| 2 u)|| < ||(V)/u|| \\u\\l i{[0>T * ]L y (4.10) 

We write 



S u + ^ A 



5=1 

where Soit has spatial frequency support on (£) < iV and the remaining Aju each have 
dyadic spatial frequency support (£) ~ iVj := 2 fc J , where fcj > logiV is an integer for 
j = 1, 2, • • • . Now we estimate separately |M| 2 4q x*]-L n ) on ^ ne ^ ow f re Q uenc y P ar t Sou 
and the high frequency pieces AjU, j ^ 1. 

For the low frequency part Sou, the Sobolev embedding and interpolation yield that 

II<S(HIl 4 ([0,T*];L£) = l|£o-H| L 4([o,T*];L«) < H-HlL4([0,T*];fl£) 
< Il7~7/ll 9 II TnW 1 - 6 
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where 

a 2 ( 8 - n ) n n 

g= ' > 0, <T-- = -l, 

7 p 

,5 — n.„ . n 2 — 5n + 4 
a = (— )0 + 2(1 - 0) = > 0, 

1 _ 9 n ~ 2 t l a\_ n2 - 5ri + 18 
p 4 2n 14n 

Thus, it follows that 

\\Sou\\l*([o,t*];L<i) < 5 9 Z}~ d (T*). (4.11) 

For the high frequency pieces AjU for j = 1, 2, • • ■ , the definition of I operator gives 
that 

\\IAju\\ L 4Qo >T *]. L n) ~ N 2 ~ s Nj~ \\AjU\\ L 4([ 0jT *y >L ny 

Using the Bernstein inequality, we can rewrite that 

II A,u|| L 4 ([cvr1;is) = N s ~ 2 Nr s N~^ \\IAA jU \\ _*n . 

Since s > § — 2, we can sum in j 

Y, HA^IU^t*];^) < N s ~ 2 Y, N7 [s - { ^ 2]] Zl (T*) = N^Zj(T*). (4.12) 

Collecting (|431)- (^T2|) . we conclude that 

Zi(t) £ \\Iu \\h* + 5 2e Z] +2{1 ~ 6) {T*) +N n - 8 Zf(T*). 

Choosing N sufficiently large and sufficiently small 6, the continuous argument yields 
(|4.8I) and thus it ends the proof of Lemma 14.21 □ 

We have the following almost conservation law: 

Proposition 4.1 (Almost Conservation Law). Assume 2 > s > ^ — 2 and s ^ 

max{ 2 ^,l}, N » 1, u G Co°(IR n ) and a solution of (jl.ip on a iime interval [0,T] 
for which 

\W\\m([o,t]) < <5 (4.13) 

/or some small constant 5. In addition we assume E(Iuq) < 1. T/ien we conclude that 
for all t G [0,T], 

E(Iu){t) = E(Iu ) + 0(max{iV 2i 2 ±+ , iV~ 1+ }). (4.14) 
Proof. We apply the Parseval formula to A Ej(t) in (|4.5p to get 

AE I = ®f T f (i "•»«>+&+&> 
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Now if we use Equation (jl.lj) to substitute for dtlu in the above formula (|4.15p . then 
it is split into two terms as follows: 



A Ei 



T 



1 



m N (£ 2 + t3 + U) 



(4.16) 



and 



A E 2 



xAiIui^Iui&Iui&Iui&d&d&dUdt 



(4.17) 



xI(\ U \^u)(Ci)Iu^ 2 )Iu(^)Iu(^)dC 2 d^dUdt 



For our purpose, we also adopt a estimate of Coifman-Meyer for a class of multilinear 
operators as well as [10] . Consider an infinitely differentiable symbol m : M. nk ^ C so 
that for all a € N nk and all £ = (£i,£2> • • • >£fc) e M. nk , there is a constant c(a) such 
that 



|^m(OI<c(a)(l + |^|)- 
Define the multilinear operator T by 



(4.18) 



or 



[T(fi,--- ,fk)}(x) 



• • , 6)/i(6) • • • A (60^6 • • • 



Proposition 4.2 ([7], Page 179.). Suppose pj € (l,oo),j = 1, • • • k, are such that | = 
^" + + ' ' ' + ^ 1. Assume m(£i, • • • , a smooth symbol as in (|4.18|) . T/ien i/iere 
is a constant C = C{pi, n, k, c(a)) so that for all Schwarz class functions /i, • • • , fk, 



\\[T(f 



I; • ' • 



/fc)]( a; )llLP(R") ^ C||/i||lpi(M™) - " " ll/fc||z,Pfc(R")- 



(4.19) 



After recalling the Coifman-Meyer multiplier theorem, we turn back to our proof. 
Step One: We first estimate A E\. To this end, we decompose 



u 



M>1 



M>1 



with the convention that P\u := P^\u. By utilizing this notation and symmetry, we 
establish this estimate 



AE!< ]T B(M 1 ,M 2 ,M 3 ,M A ), 



(4.20) 



Mi,— ,M 4 >1 
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where 



B(M 1 ,M 2 ,M 3 ,M 4 ) 



^ =1 ^=o^ rn N {&)m N (£ 3 )m N (£ 4 ) 



(4.21) 



x A 2 Iu Ml (£1 )- f «M 2 (6 K«M 3 (&)Ium a (Ujd&d&d&dt 



Case /: Mi > 1, M2 M3 M4 > 1. This case is broken down into the following 
several subcases. 

Subcase I\: N M 2 . In this case, we have 

Tijv(6 + £3 + £4) = mjv(6) = m w (6) = "^(£4) = 1 

and thus £(Mi, M 2 , M 3 , M 4 ) = and its contribution to the right-hand side of P~20l) 
vanishes. 

Subcase I 2 : M 2 > N > M 3 . Since E^=iC? = °» we must have M i ~ M 2- The 
Fundamental Theorem of Calculus yields that 



mjv(6 + 6 + £4) 



1 



mjv(£ 2 + 6 + £4) ^ Vmjvfe) • (£3 + £4) 



m N {£ 2 



< 



M, 



mjv(6) 

Applying Proposition ^. 21 Sobolev embedding and the Bernstein inequality, and keeping 
Mj > 1 in mind, we can see that 

B(Mi,M 2 ,M 3) M 4 ) < ^||A 2 iu A/l || _^||/n A/2 |[ _^ 1 1 Iu M3 1| L 4 L „ || Iu Mi \\ L f L n 



< 



M 3 M\ 



8—n 8—r 

M$M 3 2 M 4 2 



\AIu 



Mi I 



\\AiuM2 



\\AIUM 3 



\AIu 



M 4 | 



and the right hand of above inequality can be controlled by that in the case that n = 7 



JL(*k)iz}(T)<N-$ 

M 2 K M A ' Iy ' ~ V M 2 M 4 



-^-)*M°~Zf(T), 



and in the case that 5 < n < 6 



1 



— Zf(T) < N- 1+ M° 2 -Zf(T). 
The factor M," allows us to sum in M\, M 2 , M 3 , M 4 , hence we obtain that 



B(M 1 ,M 2 ,M 3 ,M i )< 



Mi,-- ,M 4 ^1 



'N^ + Zj(T) n = 7; 
N -i+ Z j(T) 5 < n < 6. 



(4.22) 



Subcase I 3 : M 2 > M 3 > TV. Since X^ =1 £7 = 0, we must have Mi ~ M 2 . Observe 



that mjy(£i) ~ m-N^) <C 77iAr(£ 3 ) < mjv(^) ^ 1, it follows that 

mjv(6 + £3 + £4) mjy(£l) - "T-Ar(6)^Ar(6)"liv(£4) 



mjv (6 ) rriN (£ 3 ) mAr (£4) 



"tJV {£,2)m N (£3 ) 771 jv (£4 



< 



mjv(£i) 



wat (&)m N (£ 3 )rriN (£4) ' 
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Applying again the multilinear multiplier theorem, Sobolev embedding and the 
Bernstein inequality, and recalling Mj > 1, we can see that 

B(M 1 ,M 2 ,M 3 ,M i ) 

^ 777 — 77^7 ||^ 2 ^iWi || -2« ||i"«Af 2 ll -2^ II Ium 3 II LiL n II I U M 4 II LiL" 

n-8 n-8 

< f-TT ^T-^HA/UMill -2n ||A/ltM 2 || -2» ||AJUM 3 || -2n ||AJUM 4 || _2» 

and the right hand of above inequality can be controlled by 

n-8 n-8 

Mo 2 ilCi 2 .. „ A n 



■\\AIumi\\ 2n l|AIitM 2 || 2 ™ Zj(T) 



n-8 

M 2 

< 3 IIAJmajJI ^n||AIn M2 || ^Z^T) 
mjv(6) i^ir 3 i^lF 2 

< JV^+AfJ" II AIu Ml || ^n || A/u M2 1| Zj{T\ 

J 4 r 2 r 4 r n — 2 

where we make use of the fact TriN(£)\£\~T~ is increasing as soon as s ^ — 2 and the 
definition of mjv(£)- The factor Afg~ allows us to sum in M3, M4 and the fact Mi ~ M 2 
and the Cauchy-Schwarz inequality permit us to estimate that 



B(M 1 ,M 2 ,M 3 ,M i ) 

Mj,- ,M 4 Jsl 
M 2 >Af 3 >Af 4 

<iV^ + ( £ HA/n Ml || 2 £ ||A/n A/2 || 2 ( 423 ) 



Afi>l M 2 >1 ^t^* 



<iV^+Zf(T). 

Subcase J 4 : M 2 ~ M 3 > N. Since £^ =1 £j = 0, w e must have M 1 < M 2 ~ M 3 . A 
direct computation yields that 

mjv(6 + 6 + 6) 



w-Af (6 ) - m N (£ 2 )m N (£o,) m N (f 4 ) < to at (6 ) 



m N ^2)rn N (^3)m N (U) mjv(6)mjv(6)?™iv(6) ~ mjv (6)^(6)^(^4) 

Observe that mjv(6) > «itv(6)> *™at(6)|6| 2 ^ r "iv(6)l6| 2 i thus as similar argu- 
ment for case ^3 shows that 

B{M l ,M 2 ,M z ,M 4 ) 

^y^— ——|| A 2 Iu Afl || J2n ||/«M 2 || „ -2n || IUM 3 II L4 L n II IUM4 II LfL™ 
(6)»™M6) L\hY^ L\LT^ ' * ' * 



m N (£ 2 )mN 

n — S n 



mjv(6 Af 2 M 2 M 2 

$772 77^ 77^ 777 A/umJ Ji™ Aj«m 2 i» A% 3 _2n Ai um, , 

M 2 2 mjv(6)^Jv(6)miv(6) Lf^r 2 '"l^- L\LT* 4 LiL 



n-8 

^iv(6) 
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The factor Mg allows us to sum in Mi,M 2 ,M 3 ,M 4 to estimate that 

B(Mi,M 2 ,M 3 ,M 4 )<N^+Zf(T). 

M lr .,M^l l 4 '^ 
M 2 ^M 3 ^M 4 

Case //: There exits 1 ^ jo ^ 4 such that Mj = 1. This case is also broken down 
into the following several subcases. 

Subcase Hi: Mi = 1. In this case, note that N ^> 1, we must have M 2 ^ M3 > 
1 = M 4 or M 2 ^ M 3 ^ M 4 > 1, otherwise 

B{M 1 ,M 2 ,M 3 ,M 4 ) = 0. 

Also, arguing as for case Ii, if iV ^> M 2 then 

mjv(6 + 6 + £4) = mjv(6) = ^at(6) = ™7v(60 = 1 

and thus B(M X , M 2 , M 3 , M 4 ) = and its contribution to the right-hand side of P~20)) 
vanishes. Therefore, we may assume M 2 > N, and hence it follows from Y2j=i £j = 
that 

M 2 ~ M 3 > TV. 
On the other hand, we have that for this case 

Wat (£2 + £ 3 +£ 4 ) < mjv(£i) 1 



1 



mjv(6)"ijv(£3)mjv(£4) ~ rnN(&)m N (£ 3 )mN(f;4) ni N (^ 2 )m N (^ 3 )m N (^ 4 )' 
Applying the multilinear multiplier theorem, and Sobolev embedding, we can see that 
B(Mi,M 2 ,M 3 ,Mi) 

~ 7-TT T— ^" || A 2 /^^! || _2n ||/Uj^ 2 || _2u \\IUM 3 \\ if L n \\^ U M 4 \\ Li L n 

Af?M 2 - 2 M 3 2 

$ T-TT 2 77-T A/UMi - 225, A/um 2 J", Ai"M 3 i» % L 4 in . 



and the right hand of above inequality can be controlled by, when M 2 ~ M 3 > iV ^> 
1 = M4 as soon as s > ^ — 1, 



1 7v 2 ( s_2 ) 

^^!(r)||/uM 4 IL fL n < -——^zKrju/tt^ 



n — 5 



A^m^(6)mjv(6)Af 3 2 M 2 



< iV-(6-f )+M 2 °-Z| (T)<f, 
and when M 2 ~ M 3 ^ Af 4 > 1 and M 2 ~ M3 > N as soon as s > § - 1, 

n — 8 ra — 8 n — 8 
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The factor M® allows us to sum in Mi, M 2 , M 3 , M4, hence we obtain that 
B(M 1 ,M 2 , M 3 , M 4 ) < N-^~^ + Zf(T)5 + N^ 6 ~^ + Zf(T). 



(4.25) 



Subcase iT 2 : M\ > 1. This subcase is broken down into the following several 
subcases. 

Sub-subcase lif: Mi > 1,M 2 = M 3 = M 4 = 1. In this case, since ^LiC? = °> 
we must have Mi ~ 1 <C iV. Then again we have 

mjv(6 + 6 + 61) = rn N {£ 2 ) = m N (^) = m N (^) = 1 

and thus B(M 1 ,M 2 ,M 3 , M 4 ) = 0. 

Sub-subcase Mi > l,M 2 > 1 = M3 = M 4 . In this case, we must have 

Mi ~ M2 since Ylj=i Cj = 0- We may assume that Mi ~ M 2 > N, since otherwise 
B(Mi,M 2 ,M 3 ,M i ) = 0. Now our purpose is to estimate B{Mi,M 2 ,M 3 ,M A ) under 
the circumstance that 

Mi ~ M 2 > N > 1 = M 3 = M 4 . 
In addition, the Fundamental Theorem of Calculus yields 



tojv(6 + £3 + £4) 



m N (&)m N (£ 3 )m N (€4) 



1 



mjv(6 + £3 + £4) ^ Vmjv(£ 2 ) • (£3 + £4 



m N (£, 2 



m N (^ 2 



~ M 2 ' 



Applying Proposition 14.21 Sobolev embedding, and the Bernstein inequality, we can see 
that 



B(Mi,M 2 ,M 3 ,M A ) < -L||A 2 /n A/l || _2n\\Iu M . 



M 



Mi 2 

and the right hand of above inequality can be controlled by 



—Zj{T)\\Iu M3 



L\H\ 



_n-h \\IUM 4 



n- 5 < N- 1+ M°-Z'j{T)5 2 , 



The factor M^ allows us to sum in Mi,M 2 ,M 3 , M4, hence we obtain that 
Y, B(M U M 2 , M 3 , M 4 ) < N- l+ Zj(T)5 2 . 



M 1 ,--- ,M 4 >1 



(4.26) 



Sub-subcase /If: Ml > 1, M 2 > M 3 > 1 = M 4 . We may assume M 2 > iV, 
otherwise the contribution of this case is null. Arguing similar as for Case I, we also 
break this case into several steps. 
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Mi 



Step 1. If M 2 > N > M 3 > 1 = M 4 , we must have M 1 ~ M 2 > iV > M 3 > 1 
4 since 2^j=i £j = 0- Hence, we obtain that 



1 



mjv(6 + 6 + 60 



wiiv (6 ) "Iat (£3 )m N (£4 ) 



1 



mjv(6 + 6 + ^4) ^ Vmjv(6) • (6 + U) 



m N {£ 2 



< 



M 3 



Applying the multilinear multiplier theorem, Sobolev embedding, and the Bernstein 
inequality and keeping in mind Mi,M 2 ,M 3 > 1,M± = 1, we can see that 



B(M 1 ,M 2 ,M 3 ,M i ) < 
M 3 M\ 



in A 2 Iu Ml \\ 4 ^||I«M 2 || 4 -^UuMshfL^UMAlLfL- 



~M 2 " ' '/</,'' " LfL 



< 



8-n 

M|M 3 2 



\\AIu Ml \ 



\\AIum 2 



\\AIum 3 



\\IUMi 



and the right hand of above inequality can be controlled by that in the case that n = 7 

1 

and in the case that 5 < n < 6 



1 

M2 



Zf(T)S < N- 1+ M 2 , -Zf(T)5. 



The factor M~ allows us to sum in Mi, M 2 , M3, M4, hence we obtain that 



B(Mi,M 2 , M 3 , M 4 ) 



< 



1*!,- ,A/ 4 ^1 



'iV-5+Zf(T)<5 ?i = 7; 
N- 1+ Zf (T)5 5 < ra < 6. 



(4.27) 



Step 2. M 2 > M 3 > TV. Since E*=i£j = °> we must have M i ~ M 2- Observe 
that mjv(£i) ~ i^n{^2) *C JTijvfe) ^ m7v(^ 4 ) = 1, it follows that 



1 



(6 ) ™iV (6 ) ™iV (& 



«iiv(£i) - fn N {i 2 )m N {^ 3 )m N {U) 



< 



m N (£i 



Applying again the multilinear multiplier theorem, Sobolev embedding and the Bern- 
stein inequality and recalling Mj > 1 for j = 1,2,3 and M4 = 1, we can see that 



B(Mi,M 2 , M 3 , M 4 ) 
m N (£i) 



< 



m N (£, 2 )m N (£, 3 )m N ({,4:) 

n-8 
2 



|A 2 /nMi|| -2nJ|-fWM 2 || -2n \\IUM s \\ L i L n\\ Iu M, 

L4 j n — 2 t x 

t x 



4 "LfL™ 



< mN ^ M ' i || A J U Ml \\ _2n ||AJliAf 2 || _2n\\AIUM 3 \\ -2»||^M 4 | 
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and the right hand of above inequality can be controlled by 

n-8 

M 2 

2—— \\AIU Ml \\ _2n \\AIU M2 \\ 2nZl{T)5 

n-8 

M 2 

< l——\\AIu Ml \\ 2n\\AIU M2 \\ ^nZj(T)5 

mjv(6) L^f 5 LfiF^ 

< N^ + M°-\\AIu Ml \\ ^\\AIu Ma \\ _^Z/(T)& 

The factor M®~ allows us to sum in M 3 , M4 and the fact M\ ~ M 2 and the Cauchy- 
Schwarz inequality permit us to estimate that 

]T B(M 1 ,M 2 ,M 3 ,M 4 ) 

M 1: - ,M 4 ^1 
*f 2 ^M 3 ^M 4 

<A^+( V ||A/n Ml || 2 V ||A/u M2 || 2 ^Zj(T)5 ( 428 ) 

A/i>l M 2 >1 L t^ x 

< N^ + Zl(T)5. 

Step 3. M 2 ~ M 3 > AT. Since £j=i = °> we must have M i < M 2 ~ M 3 . A 
direct computation yields that 



1 



Observe that mjv(£i) ^ ^aK6)> ?™aK£i)|6J 2 i$ m ;v (£2)162 1 2 , thus as similar argu- 
ment in Step 3 leads to that 

B{M l ,M 2 ,M z ,M 4 ) 

^ 771 — -77-I 77tII^ 2 ^ u A/iI| _2n ||^M 2 || -2" 1 1 Ium s 1 1 L#i n 1 1 ^ U M^ 1 1 L 4 L n 

n-8 

r2 /i/f 2 



n-8 

< ^Vr^f(T)5 < N^M° 3 -Zf(T)5. 

The factor M®~ allows us to sum in Mi, M 2 , M 3 , M4 to estimate that 

Y, B(Mx,M 2 ,M 3 , M 4 ) < N*r + Z?(T)6. 

,M 4 ^1 

Putting all of cases together, it follows from ()4.22j) - (j4.29[) that 

A Ei < max{N~ 1+ , N^ + }(zf(T) + Zj{T)5 + Zj{T)5 2 ). (4.30) 



(4.29) 
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Step Two: We secondly estimate A E 2 . To this end, we again decompose 



u = 



with the convention that P\u := P^\u. By utilizing this notation and symmetry, we 
establish this estimate 

A£ 2 < C(M 1 ,M 2 ,M 3 ,M i ) (4.31) 

M x ,— ,M 4 ^1 

where 

m N (& + £3 + U) 



C(M 1 ,M 2 ,M 3 ,M 4 ) :-- 



iEti^=» ^ rn N (&)m N (€ 3 )mN(t;4) 



(4.32) 



xP M J(\u\ 2 u)(£,i)Iu M2 (^2)IUM 3 (^ 3 )IUM 4 (U)d^2d^3d^dt 



In order to estimate C(M\, M 2 , M 3 , M4), we make the observation that in estimating 
B(M±, M 2 , M 3 , M4) for the term involving the M\ frequency we only used the bound 

||A 2 /n A/l || _a» < Mf\\AIu Ml \\ zn^MlZ^t). (4.33) 

j 4 r n — 2 7-4 r ri_ 2 

Thus to estimate A E2-, it suffices to show that 

||P Ml /(M 2 u)|| 4 ^ <M 2 Zf(t) (4.34) 

and then arguing as for estimating A E\ , we substitute (|4.34j) for (|4.33p to obtain that 

A E 2 < m a x{N- 1+ ,N^ + }(zf(T) + Zf(T)5 + Zj(T)5 2 ). (4.35) 

Therefore, we are left to prove (|4.34|) . The boundedness of the Littlewood-Paley oper- 
ator and the Sobolev embedding yield that 

M^ 2 \\P M J{\U\ 2 U)\\ 2n <||P M1 /(M 2 U)|| 2n \\ U f 6n . 

We decompose u into low frequency and high frequency like that u := u<^n + u>n- We 
first estimate the low frequency part by interpolation 

II^TVH 3 _6n < \\Iu^ N f _en ^ ||/^Ar|| 3(1 " 9) 6n ||/n^|| 3e fin ^ Zf(t), 

T 12 j TTFZ j 12 j T 12 t 3n-2" t 12 j an- 14 

(4.36) 

with = ^V 2 -. For the high frequency, we have that 

II^>tv|| 3 e„ ^ |||V|^n >7V || 3 a« = |||V| 2i ^(A/)~ 1 A/u > v|| 3 en • (4.37) 

T 12 T n + 2 t 12 j an-2 r 12 r -in -2. 
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We also can rewrite the right hand as follows 

N^\\^\a(OWu >N f 



6n 

j 12 j 'in--! 



with <j(£) = (iV|£| 1 ) s 3 and it follows from s ^ and Hdrmander's multiplier 



3 

theorem that 

-ir~rc\\\T». 1 1 3 



N~ \\J t ~ 1 ((j(£))AIu > n\\ en < iV— \\AIu >N \\ 6 6n ^Zf(t) 



j 12 r an-2 r 12 r 

since JV 3> 1. Combined with (I4.37p . it gives that 

h>Jv|| 3 J>n <Z'f(t). (4.38) 

r 12 r nT2 

Finally, (j4.34j) follows from (|4.36p and (14.380 and this completes the proof of the almost 
conservation law Proposition 14.11 □ 



5 Proof of Main Theorem 

We combine the interaction Morawetz estimate and almost conservation law with a 
scaling argument to prove the following statement giving uniform bounds in terms of 
the rough norm of the initial data. 

Proposition 5.1. Suppose u(t,x) is a global in time solution to (jl.lj) from data uq € 
C^°(M n ). Then so long as s > so with so in Theorem \l.l\ we have 

IMIm(r) < C(IKH#s(R")), (5-1) 
sup ||ti||.ff«(K») ^ C{\\u \\ H s {Mn) ). (5.2) 

O^t<oo 

Remark 5.1. The global well-posedness part of Theorem li.il follows from (|5.2p . Propo- 
sition \2.2\ and the standard density argument. 

Proof. If it is a solution to (|1.1|) . then so is 

u x (t, x) = \- 2 u(\- 4 t, X^x). (5.3) 

We choose A so that E(Iuq) = ^\\AIuq ||^2( Rn ) + lll-^ M o IIl4(r«) ~ 1 *° remove the 
smallness condition E(Iuq) in Proposition 14.11 As in (14. 2p . we show 

||A/^|| L 2 (R n) < N 2 - s \%- 2 - s \\u \\ Hsm , (5.4) 

then the right choice of A is 
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We estimate \\Iuq || ^mni, the second term in E(Iuq), by separating the domains in the 
frequency space. Set 

?(0 = (xo(0 + xi(0 + X2(OK(0, 

for nonnegative smooth functions XjiO such that Y^=oXj(C) — 1 an d Xj is supported 
in {£ : |e| < f }, : i ^ |f | < N} and : |£| ^ f }, respectively Then 

A straightforward arguments using Sobolev embedding together with the relation (15. 5|) 
will give 

l|J r_1 (Xo(O u o(0)lll,*(R») ~ A? ~ 2 H«o||l2(R")- 



ll^-H^(e)x2(0^(0)ll^ (K «)<ll(||) 2- ^l?-1^ s X2(6^(6ll^( H 

< ivf- s A-( s+2 -t)|| Uo || HS(Rn) . 

For the medium frequency we similarly have that 



^-'(xi^HmiLHMn) < \\\tf-'\Z\ s xi(ZH(0\\L>o*>) 



ATT- s A~( 2+S ~f)|l7/nll ■ S < 2 

iV A II "0 * rO 4 



- i >™_2|i n 

[ A4 iFOllij^Rn) S > J 

Summing up the three parts, we obtain that by using the relationship 

II^oIIl4 ( ir«)~( A4 + A 2-8 )II«oIIh'(di»)- 

Thus, taking A sufficiently large depending on ||ito||.ff 3 an d N (which will be chosen 
later and will depend only on ||«o||iJ" s ), it follows from (|5.4p and (|5.6p that 

E{l4) < 1. (5.7) 

We now show that there exists an absolute constant C± such that 



.A i 



u 



^CiA^t- 1 ). (5.8) 



Undoing the scaling, this yields (|5.ip . We prove (|5.8p via a bootstrap argument. By 
time reversal symmetry, it suffices to argue for positive times only. Define 

Ol := {t E [0,oo) : \\u x \\ M{[m < CiAi^" 1 )}. 

We want to show fii = [0, oo). Let 

ft 2 := {* € [0,oo) : ||u A || A . f( [o,t]) < 2C 1 \^-^}. 
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In order to run the bootstrap argument successfully, we need to verify four things: 

1) fix ^ 0. This is obvious as G 

2) Oi is closed. This follows from Fatou's Lemma. 

3) n 2 c n x . 

4) If T € Oi, then there exists e > such that [T, T+e) C f^2- This is a consequence 
of the local well-posedness theory and the proof of 3). We skip the details. 

Thus, we need to prove 3). Fix T € f^; we will show that T € Q\. By the 
interaction Morawetz estimate (I3.6D and the mass conservation, we can see that 



lk A |UmoTn^ ll*tollM|u A || 2 i <ii«nii , A* _1 ||u A || 5 1 . (5.9) 

II \\M([0,1\) ^ II lira II HiooQo^].^^)) ~\\uo\\ L 2 II H L-([0,T];i/i(R")) V ' 

To control the second factor ||u A || . i , we decompose 

11 u L°°([0,T];H?(R n )y r 

« A (t) = P^n A (0 + J P>7vn A (t). 

In order to estimate the low frequencies, we interpolate between the L^-norm and 
i/^-norm and use the fact that the operator / is the identity on frequencies |£| ^ N: 

\\P< N u\t)\\i < \\u\t)\\%\\u\t)\\i 2 < Mra \%-l\\Iu x (t)\\i 2 . (5.10) 



To dominate the high frequencies, we interpolate between the L^-norm and if|-norm 
and use the definition of operator I to get: 



Hi 



\P>Nu\t)\\, < \\u\t)\\p*\\u\tm s <|| U0 || r2 A(f~ 2 )( 1 ^)iV^||/n A (t)||- 



.A^j.M| 2s 



(5.11) 



~ll"oll i 2 ^ W A " v."; un- 



collecting (|5.10p through (|5.1ip . we obtain that 



\ < * , , Tl 1 / 3n 3,, \ , . . . — n 5 , , \ 



M([0,T])^A4 SUP (A 16 3||J« (t)||jL + A 4 4||/ M 

te[o,T] 



4a 



i i 



<\l^-v sup (||/n A (t)||| 2 + ||/^wn-; 

te[o,T] 



(5.12) 



where we make use of the facts that A > 1 and n ^ 8 in the last inequality. Thus, 
taking C\ sufficiently large depending on ||uo||z,2, we obtain T 6 fii, provided that 

sup \\Iu x {t)\\ k2 < 1. c 5 13 x 

iG[0,T] v ' ' 

We now prove that (|5.13|) when T € Q2- I n practice, let 5 > be sufficiently small 
constant as in Proposition 14.11 and we divide [0, T] into 

(5-14) 
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sub-intervals Ij = [tj,tj + i] such that 

II" llAf(Jj) < s - 

Applying Proposition 14,11 on each of the sub- intervals we get that 

sup E{Iu x (t)) < E(Iul) + LJV flMX i- 1 ' a i a > + . 
te[o,T] 

To maintain small energy during the iteration, we need 

Li y~ max{ -i,H=i}+ ^ A 7(f-i)j V nu«{-i l 2=a}+ lf 

which combined with (|5.5p leads to 

2-a \ 7(f-l) 
iV^T ] Ar max{-l,2 T »}+ < 1. 



This may be ensured by taking iV = iV(||ito||j3" s ) large enough provided that 

' 16(n-4) e ^ ^ c 

5 ^ n $ 6 
n = 7. 



S > (5 _ 15) 
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This completes the bootstrap argument and hence (|5.8[) and moreover (|5.1|) follows. To 
estimate ||ti(T)||jy«, we write that by the conservation of mass and the scaling 

HT)\\ H s < ||« ||l| + \W(T)\\ m < \\uo\\ L 2 + A s+2 "f ||u A (A 4 T)|| Hr 
Utilizing (|4,3p . the right hand can be controlled by 

IKIkl + A s+2 "f ||/n A (A 4 T)||^ < ||« |Ul + A s+2 "t (||n A (A 4 T)|| L , + ||/u A (A 4 T)||^) 
Therefore, it follows from (|5T3j) that for all T G E 

ll«(r)k S < Iholki + A s+2 ~t (Af- 2 ||n || L 2 + 1) < C(||no||^). 
Hence, we have 

IH*)IU°°(R;fr|) ^C(IKII^)- (5.16) 

Scattering We prove that scattering holds in iJJ for s > sq- We first show that 
the global Morawetz estimate ()5.ip can be upgraded to the global Strichartz estimate 



Nls-(J) := SU P IIM* 90 "IIl«l?(/xR") + SU P II u IIl«l?(/xR-)- ( 5 - 17 ) 

(<?o,fo)GAo (gi,ri)eAo 

The second step is to use this estimate to prove asymptotic completeness. The con- 
struction of the wave operator is a the standard step, which we omit it here. 
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Let u be a global solution to (jl.ip with initial data in H s (W l ) for s > sq. By the 
global Morawetz estimate (|5.ip . we obtain that 

IMIm(ir) < C(lkollffi)- 



Let 8 > be a small constant to be chosen momentarily and split K into L = L(||uo||_f/j) 
subintervals ij = [tj,tj + i] such that 

II«IIjwtcx,0 < S - ( 5 - 18 ) 
By the Strichartz estimate in Proposition 12.11 we have 

IHIs^^lKvr^OllLi + lllvr^MMll 2 . ^ +|||uNi l 4 . (5.i9) 

Since sq ^ s < 2, by the fractional chain rule and Holder's inequality, we can control 
the nonlinearity as follows 

while by Sobolev embedding and interpolation 

W'-" in J 

where 

„ = J + 1), + iz^p _ ,) = < 2s + DP" - ») - (" - 5 " 2 ' - " + 4 > > 0. 

y 2' 4 v ; 2(4a-l) 
l_n-l 1 (n-l)(2n-9)+n(2s-ra + 4) 

p ~ 2n + 4^ ^~ 2n(4s - 1) ' 

On the other hand, we have 

|||U| 2 U|| 4 _2n = \\u\\ 3 6n < 1 1 U 1 1 L 4 (J . .Jjn \ 1 1 U 1 1 r 4 f r . . r 4 \. (5.22) 

and 

ll«IU*(^;£4) < ll^ll 1-0 2n IMI" 2n , (5.23) 

where a = ^ 1. By Sobolev embedding and the definition of || • ||,gs(j), it yields 
that 

IMlL4(/ j; L4) < Hulls'^)- ( 5 ' 24 ) 
This together with (|5TI^ - (|5T2"Tj ) yields that 

hhw < \m s <tj)hi + s 26 \\u\\ 1 s ^- e) + ^||«||J^ ) . 



29 



A standard continuity argument yields that 

IHl5 S (7,)<IKV)Mii)llLl^C(||u ||^), 

provided we choose 5 sufficiently small depending on ||xio||jf s - Summing over all subin- 
tervals we have that 

IMIss(R) ^ C(||«o||i^)- ( 5 - 25 ) 

To prove the asymptotic completeness, we need to prove that there exist unique u± 
such that 

lim \\u{t) -e ltA2 u±\\ H s =0. 

t— >±oo 

By time reversal symmetry, it suffices to prove the claim for positive times only. For 
t > 0, we will show that v(t) := e~ ltA u(t) converges in H s x as t — > +co, and u + to be 
the limit. In practice, we can use Duhamel's formula to get 

v (t) = e~ itA \{t) =u -i / e~ iTA2 (\u\ 2 u){r)dT. (5.26) 

Jo 

Moreover, for < t\ < t 2 , we have 

-t 2 



v(t 2 ) - v(h) = -i / e~ lT * (\u\ z u)(T)dT. 



-irA z f\„.\2 

e 

Using the Strichartz estimate, we derive that 

\\v{t 2 ) -V^Wh^ = f\-^ A \\u\ 2 u){T)&T 



sc |||V| s " 1 (I'u| 2 m)II an + \\\u\ 2 u\ 



2n + 

Arguing similarly as before, this above one can be controlled by 

II \\ 2e II || 1 + 2 ( 1 - 61 ) i || \\0 || II 3-0 

ll u llAf([ti,ta])ll u lls«([ti,ta]) + ll u lljtf([ti,ta])ll u lls«([ti,ta])- 

Therefore, it follows from (|5.ip and (|5.25)) that 

\\v(t 2 ) - v(*l)llff|(K n ) -> as h,t 2 -> +oo. (5.27) 
As t tends to +oo, the limitation of (|5.26l) is well defined. In particular, we find that 

/•oo 

u+=u - / e~ irA2 (\u\ 2 u)(T)dT 
Jo 

which is nothing but the asymptotic state. This concludes the proof of Theorem ll.il □ 
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